This paper presents empirical evidence supporting Goldfeld's conjecture on the average analytic rank of a family of quadratic twists of a fixed elliptic curve in the function field setting. In particular, we consider representatives of the four classes of non-isogenous elliptic curves over F q (t) with (q, 6) = 1 possessing two places of multiplicative reduction and one place of additive reduction. The case of q = 5 provides the largest data set as well as the most convincing evidence that the average analytic rank converges to 1/2, which we also show is a lower bound following an argument of Kowalski. The data was generated via explicit computation of the L-function of these elliptic curves, and we present the key results necessary to implement an algorithm to efficiently compute the L-function of non-isotrivial elliptic curves over F q (t) by realizing such a curve as a quadratic twist of a pullback of a 'versal' elliptic curve. We also provide a reference for our open-source library ELLFF, which provides all the necessary functionality to compute such L-functions, and additional data on analytic rank distributions as they pertain to the density conjecture.
Introduction
Goldfeld's conjecture, in its original form, makes an assertion about a family of elliptic curves over a number field and some form of rank. For example, if we fix an elliptic curve E/Q and consider the set of its quadratic twists ordered by (increasing) discriminant of the twisting fields, then the conjecture asserts that the average rank of the first n curves tends to the limit 1/2 as n tends to infinity. In this paper we will fix the rational function field K = F q (t) as our base field and consider families of elliptic curves over K for which we can calculate each family member's analytic rank. Little theoretical progress has been made when we consider the average rank of an 'increasing' sequence of curves, and the genesis of this paper lies in a computational project to generate a rich data set of L-functions for studying the (empirical) averages.
In the bulk of this paper we focus on some algorithms of increasing complexity for explicitly calculating the L-function L(E/K, s) for an elliptic curve E/K; the increasing complexity allows for increased speed but at the cost of increasing the disk and memory space requirements. In contrast to L-functions over number fields, these L-functions have the remarkable property that if we define a new variable T by T = q −s , then we can represent the L-function as a polynomial L(E/K, T ) ∈ 1 + T · Z [T ] . The analytic rank of E/K is simply the order of vanishing at s = 1 (T = 1/q), hence the analytic Goldfeld's conjecture requires only a miniscule amount of the information present in each L-function. 1 However, there are many other questions one can ask about how L(E/K, T ) varies with E/K, so we hope that our database and algorithms will prove useful for others.
For the calculation of a single L-function, one can use the theory outlined in the first two sections of section 2. We follow the usual approach for calculating the L-function by expressing it as an Euler product; the terms of the product are indexed by valuations in K, i.e. by monic irreducibles in the polynomial ring F q [t] and a point at infinity. The Euler product is infinite, but there is a finite collection of Euler factors that completely determine L(E/K, T ). To compute the L-function as efficiently as possible (in this approach) we want to minimize the size of this collection (e.g. by using a functional equation) and the cost of computing a single Euler factor.
Those who have experience computing quadratic twists know that the cost of computing an Euler factor for a twist is much cheaper if one knows the Euler factor for the original curve, the work being reduced to computing a Legendre symbol. A similar efficiency emerges when we consider pullbacks, i.e. when we replace K with a finite extension L/K: almost all of the Euler factors for L(E/L, T ) can be cheaply calculated from the Euler factors of L(E/K, T ). In fact, for each q, there is an elliptic curve E 0 over F = F q (j) such that every E/K may be written as the combination of a pullback of E 0 to K (via the embedding F → K induced by j → j(E)) and a twist (by quadratic L/K). In particular, the Euler factors for L(E/K, T ) may be cheaply computed from the Euler factors of L(E 0 /F, T ), and the second half of section 2 explains this in detail.
The upshot is that whenever we construct a new curve E/K as a pullback or twist of another curve E 0 /F , then the additional cost of computing L(E/K, T ) using a precomputed table of sufficiently many Euler factors for L(E 0 /F, T ) is much cheaper than if we computed L(E/K, T ) from scratch. We have written a library for calculating L-functions whose core routines use the methods we outline in section 2 and recently provided the wrapper routines for it to be used within Sage [S + 10] . The library is called ELLFF (for elliptic L-functions over function fields), and we describe its basic structure in section 3. We used our code to gather data to empirically study Goldfeld's conjecture in the function field setting, and we report a summary of this data and observations in section 4.
Theoretical Framework

Elliptic Curves
Fix a prime power q relatively prime to 6. Let K = F q (t) be the function field of the curve P 1 /F q , O K = F q [t] be the affine coordinate ring of P 1 − {∞}, O ∞ = F q [u] be the affine coordinate ring of P 1 − {0}, and u = 1/t ∈ K. We identify the set of closed points |P 1 | = {π} with the set formed by the closed point π = ∞ together with the monic irreducibles π ∈ F q [t] of positive degree, and we write F π for the residue field. For π = ∞ we identify F π with the quotient field F q [u]/u, and otherwise we identify F π with the quotient field F q [t]/π. Let E/K be an elliptic curve. Up to a change of coordinates, we may represent our elliptic curve as the projective plane curve given by the affine curve y 2 = x 3 + ax + b, where a, b ∈ K, together with the point at infinity. The discriminant ∆ = 4a 3 + 27b 2 and j-invariant j = 6912a 3 /∆ are rational functions in t, i.e. elements of K, and ∆ = 0.
Up to a change of coordinates (x, y) → (x/g 2 , y/g 3 ) with g ∈ K × , we may assume a, b ∈ O K and deg t (∆) is minimal because O K is a principal ideal domain, and we write ∆ π = ∆ for π = ∞. There is a unique integer e such that the substitution (t, x, y) → (1/u, x/u 2e , y/u 3e ) yields a model of E over F q [u] satisfying similar conditions and we write ∆ ∞ for the discriminant of this model. We glue the two models together over the annulus P 1 − {0, ∞} to form the so-called minimal Weierstrass model E → P 1 ; it is the identity component of the so-called Néron model of E.
For each π, we write E/F π for the fiber of E → P 1 over π. If π = ∞, then it is the projective plane curve given by 'reducing modulo π' the model for E over O K , while for π = ∞ we use the model for E over F q [u] . E/F π is a smooth curve if and only if the image of ∆ π in F π is non-zero, otherwise it has a unique singular point. We write M for the finite subset of π such that E/F π is singular with a node, A for the finite subset such that E/F π is singular with a cusp, and U for the open complement P 1 − M − A; they are the loci of multiplicative, additive, and good reduction respectively of E → P 1 . We recall that if π = ∞ ∈ M ∪ A, then π ∈ M if and only if the image of b in F π is non-zero, and a similar criterion holds if π = ∞ ∈ M ∪ A.
We decompose M into the subset M + of π for which the slopes of the two branches through the node of E/F π are rational over F π and M − for the complement M − M + ; they are the loci of split and non-split reduction respectively. The following lemma gives a criterion for deciding whether any π = ∞ ∈ M lies in M + or M − , while for π = ∞ one can use the model for E over F q [u] to deduce a similar criterion.
Lemma 2.1. If π = ∞ ∈ M , then π ∈ M + if and only if the image of 6b in F π is a square.
Proof. Over F π our affine model specializes to y 2 = (x − c) 2 (x + 2c) for some c = 0 ∈ F π and the node lies at (x, y) = (c, 0). The substitution y = s · (x − c) and cancellation of (x − c) 2 leads to the curve s 2 = x + 2c, the blow up of our original curve at the node. The slopes of the two branches are the s-coordinates of the points (x, s) = (c, s) which lie on this curve, hence s = ± √ 3c. In particular, the slopes are rational over F π if and only if 3c is a square in F π . In terms of the singular model, we see that the image of b in F π is 2c 3 , hence 3c is a square in F π if and only if 6b = 3c · (2c) 2 is.
In the first three lines of the following table, produced using table 15.1 of [S] , we give criteria for determining the type of additive reduction E has over π ∈ A. In the last line of the table we define a constant ǫ π which will be used in the next section. 
L-functions
We keep the notation of the previous section and add the assumption that j is non-constant, i.e. it lies in the complement K − F q , and we remark that most of what follows extends to the case where ∆ (but not necessarily j) is non-constant.
For each π ∈ |U | and m ≥ 1, we write F π m for the unique extension of F π of degree m, E(F π m ) for the set of F π m -rational points of E/F π , and
For each π ∈ |U |, the zeta function of E/F π is given by the exponential generating series
It is a rational function in Q(T ) with denominator (1 − T )(1 − q deg(π) T ) and numerator
Because we assumed j is non-constant, the L-function L(T, E/K) is a polynomial in Z[T ] with constant coefficient 1 (cf. bottom of page 11 of [K] ) and satisfies
It has an Euler product expansion
Using (2.1) and the formal identity 1/(1 − αT ) = exp(
Therefore, if we define
then we can rewrite (2.2) as
If we truncate the formal series expansion of the right side of (2.3) by reducing modulo T N +1 for N ≥ 0, then we obtain the congruence
and by definition this set is determined by the Euler factors over π ∈ |P 1 | satisfying deg(π) ≤ N . In fact, by taking the functional equation into consideration, as described below, it suffices to take
, then to recover c 0 , . . . , c N from (2.4) it suffices to apply the following lemma.
then they satisfy the recursive relation
Proof. If we take the (formal) logarithmic derivative of both sides of the assumed relation between the b n and c n and clear denominators, then we obtain the relation
The lemma follows by expanding the left side and comparing the coefficients on each side.
As stated above, L(T, E/K) satisfies a functional equation: there is ε(E/K) ∈ {±1} such that
hence we have the relation
In the following lemma we write ǫπ π for the Legendre symbol in F π of ǫ π , defined in Table 1 , and give a formula for ε(E/K) (cf. corollary 5 of [H] ).
Proof. This follows from calculations in [R] where the sign is the global root number of E/K and is given by a product of local root numbers. If π ∈ |U |, then the local root number is trivial by proposition 8 of loc. cit. with τ = 1. If π ∈ M ∪ A, then we apply parts (ii) and (iii) theorem 2 of loc. cit. with τ = 1 for the remaining cases. Note, if π ∈ A and does not have Kodaira symbol I * n with n > 0, then we need the assumption that q is not divisible by 2 or 3.
We observe that the recursive relation given by lemma 2.2 enables us to perform a consistency check when trying to compute L(T, E/K): the b m and c m are integers, so for each n ≥ 1, the integer n m=1 b m · c n−m must be divisible by n. A second consistency check is to compute c n for one or more n > ⌊N/2⌋ using the same method as for smaller n and then to verify that (2.6) holds. While one would not want to use the latter check when computing large data sets, it is very useful for making sure that the calculations are correct because one can use it to test a small subset of data.
Quadratic Twists
We continue the notation of the previous sections. Thus we fix an elliptic curve E/K and a minimal Weierstrass model
Proof. If y 2 = x 3 + a ′ x + b ′ is an affine model for an elliptic curve E ′ /K, then an L-isomorphism E → E ′ must take the form (x, y) → (x/c 2 , y/c 3 ) for some c ∈ L × (see page 50 of [S] ); recall j is non-constant, hence neither 0 nor 1728. In particular, a ′ = c 4 a and
Proof. Replace E/K by E g /K and apply the previous lemma with L = K.
We define the family of polynomials
f is monic, square-free, prime to ∆} and write F d ⊂ F for the subset of f satisfying deg(f ) = d. The previous lemma implies the E f are pairwise non-K-isomorphic for f ∈ F, while for a fixed d we will see that deg(L(T, E f /K)) is independent of f ∈ F d . The latter fact would not be true if we dropped the condition that f be relatively prime to ∆. As we will see, if
, hence the reason we restrict to monic f . If f ∈ F, then one can easily verify that
There is a unique integer e such that the substitution (t, x, y) → (1/u, x/u e , y/u e ) yields a minimal Weierstrass model for E f over F q [u] , and we glue the models together over P 1 − {0, ∞} to construct the minimal Weierstrass model E f → P 1 . We write M f and A f respectively for the divisors of multiplicative and additive reduction respectively of E f → P 1 .
We write A 1 for the complement P 1 − {∞}. If π ∈ |A 1 |, then one can easily verify that
If π ∈ M f ∩ A 1 , then one can also easily verify that E f /F π has the same splitting behavior as E/F π if and only if the image of f is a square in F π , and otherwise it has the opposite splitting behavior; that is,
If f ∈ F d and d is even, then E and E f are isomorphic over F ∞ . On the other hand, if d is odd, then the Kodaira symbols of E/F ∞ and E f /F ∞ form an unordered pair {S, S * }, where S ∈ {I n , II, III, IV}.
If we fix a non-square α ∈ F × q and f ∈ F, then a similar calculation for E αf shows that the Kodaira symbols for E f and E αf are the same for all π ∈ |P 1 |, so M αf = M f and A αf = A f . If π ∈ A f , then E f and E αf are isomorphic over F π . On the other hand, for every π ∈ |P 1 − A f |, there is a unique quadratic twist of E f /F π , which we call the scalar twist, and it is easy to show that
is even, otherwise it is the scalar twist. We call E αf the scalar twist of E f .
L-functions of Quadratic Twists
We continue the notation of the previous section and fix an elliptic curve E/K and a quadratic twist E f /K. If U f , M f , and A f are the primes over which E f has good, multiplicative, and additive reduction respectively, then we can use the results of section 2.2 to infer that the L-function L(T, E f /K) has Euler product expansion
There is an important observation which relates this to the Euler product expansion in (2.2) of
In particular, if one has precomputed sufficiently many Euler factors for L(T, E/K), then for most of the Euler factors of L(T, E f /K), the cost of computing the factor is essentially the cost of computing χ π (f ).
Pullbacks
We continue the notation of previous sections and fix an elliptic curve E/K and a minimal Weierstrass model y 2 = x 3 + ax + b of E over O K . We write M , A respectively for the subsets of primes in K over which E has multiplicative and additive reduction respectively.
We fix a rational function field L = F q (w) and a non-constant element θ ∈ L, and we write θ * : K → L for the embedding induced by sending t to θ. Let O L ⊂ L be the integral closure of O K , and let O∞ ⊂ L be the integral closure of O ∞ ⊂ K. We call the primes of O L the finite primes of L and the primes of O∞ the infinite primes of
and O∞ is not the local ring with uniformizer 1/w, but rather the infinite primes are the poles of θ. If π is a prime (finite or infinite) in L, we write θ(π) for the corresponding prime in K, f π for the inertial degree of π over θ(π), and e π for the ramification degree.
We write E L for the elliptic curve over L (eliding the dependence on the choice of θ) with affine model Now suppose that π is a prime of L such that π is ramified over θ(π) and E has bad reduction over θ(π), and let y 2 = x 3 + a π x + b π be a minimal Weierstrass model of E over O θ(π) and let ∆ θ(π) be the discriminant of this model. If E has Kodaira type I n over θ(π) and if e = e π (e being the unique integer used to obtain a model for E over
) and E L has Kodaira type I en over π. On the other hand, if θ(π) lies in A, then the Kodaira type of E L over π may differ from the Kodaira type of E over θ(π) depending on e = e π . More precisely, if E has Kodaira type I * n over θ(π), then then E L has Kodaira type I en or I * en over π if e is even or odd respectively. Otherwise, the discriminant ∆ π for a minimal Weierstrass model of E L over O π satisfies ord π (∆ π ) ≡ e · ord θ(π) (∆ θ(π) ) (mod 12), hence the Kodaira type of E L over π is completely determined by the Kodaira type of E over θ(π) and table 1.
Aside from the fact that one can use pullbacks to generate new elliptic surfaces from old, the other important role they play lies in the fact that any elliptic curve over L with non-constant j-invariant can be written as a quadratic twist of the pullback of the 'versal' elliptic curve E/K with affine model
One can easily verify that this elliptic curve has j-invariant t, hence for an elliptic curve over L one can take θ to be the j-invariant and use lemma 2.5 to infer that an appropriate quadratic twist of the pullback will be the original elliptic curve over L. We remark that if √ 2 ∈ F q , this model is the twist of the model in [S, proof of prop. III.1.4 ] by the quadratic extension K( √ 2)/K. The latter model has split-multiplicative reduction at t = ∞ while our model forces ε(E/K) = −1. In both cases the L-function has degree one and thus in our model we have L(T, E/K) = 1 − qT . One can verify that the point P = (4, 8) lies on E and has height 1/2, thus the Mordell-Weil and analytic ranks of E are both one.
L-functions of Pullbacks
We continue the notation of the previous section and fix an elliptic curve E/K and a pullback
and A L are the primes over which E L has good, multiplicative, and additive reduction respectively, then the
As in the case of quadratic twists, if one has computed enough information for E/K, then it is relatively cheap to compute most of the Euler factors of L(T, E L /L). More precisely, if E L has good reduction over π and if E has good reduction over
where f π is the inertia degree of π over p and a p fπ can be determined by the expansion (2.1). In practice, it is easier to keep track of a p n for several n rather than use (2.1) directly because, among other reasons, it is difficult to compare elements of F p with the corresponding subfield of F π = F p fπ . Nonetheless, the additional work one must do is small since 'most' elements of F q n have degree n over F q , and the upshot is that most of the work of computing b n in the corresponding expansion
is the cost of explicitly evaluating the map θ : P 1 (F q n ) → P 1 (F q n ) for all elements in the domain.
ELLFF
The discussion in section 2.2 above naturally leads to a naïve algorithm to compute the L-function of a non-isotrivial elliptic curve defined over a function field via counting points on a finite number of its fibers. Moreover, if sufficiently many Euler factors have been computed for the versal elliptic curve, one can realize a given elliptic curve as a pullback and quadratic twist and use the results of section 2.3 -2.6 to significantly reduce the number of fibers on which one needs to count points. 
Computations
Using the discussion from section 2, a database of L-functions was amassed for the family of quadratic twists of the following four elliptic curves (with notation consistent with that found in [MP] ):
These are the only elliptic curves, up to isogeny, over F q (t) with (q, 6) = 1 such that #M = 2 and #A = 1. They are normalized so that ∞ ∈ M + , t ∈ A, and t − 1 ∈ M , forcing the L-function to be trivial for each of the curves. Note that the first curve is the Legendre curve, 3 given by the alternative model
For each of these curves, we considered all prime q ∈ Q = {5, 7, . . . , 29} and computed the Lfunctions of all the twists with bounded degree. The bound on the degree was determined by considerations on computational feasibility and depended on the size of the field of constants. 
Goldfeld's Conjecture
In 1979 Goldfeld [G] conjectured an average value for the analytic rank of a family of quadratic twists of a fixed elliptic curve E/Q: Goldfeld's conjecture concerns the analytic rank of an elliptic curve, though it is important to note that many authors replace the analytic rank with the algebraic rank (i.e. the rank, as a free Z-module, of the group E(K) of K-rational points on E modulo torsion), invoking the Birch and Swinnerton-Dyer conjecture if needed. For a survey of results on the average value and variation of the (algebraic) ranks of elliptic curves in a family of quadratic twists in the number field setting, see [RS] . A more recent paper [BMSW] provides data for the average value and distribution of the analytic ranks of elliptic curves over Q ordered by conductor. Thus the reader should be wary of concluding that the data presented therein either supports or undermines Goldfeld's conjecture, which considers the family of quadratic twists of a fixed elliptic curve and not all elliptic curves with bounded conductor.
Goldfeld's conjecture has a direct analog in the function field setting: for an elliptic curve E over K, we set its analytic rank r to be the order of vanishing of L(T, E/K) at T = 1/q. Instead of considering all twists by d with |d| < D, we consider those twists in F * D = d≤D F d and let D grow to infinity as before:
where r(E f ) is the order of vanishing at s = 1 of the L-function of the quadratic twist E f /F q (t).
One would like a lower bound on the average analytic rank over the family of interest F d analogous to that found in Proposition 1 on p. 114 of [G] . Unlike this proposition where the average is taken over all discriminants, determining the average over F d is non-trivial. But using the functional equation, it is clear that if in the limit the average of the sign of the functional equation over F d is 0, the average analytic rank over F d is at least 1/2. We next prove such a lower bound using this line of argument.
We begin by letting M ∩ A 1 = {π 1 , . . . π r } be the finite primes where E/K has multiplicative reduction and setting N = π 1 · · · π r . Proof. We proceed by examining the contribution to the sign from the places of bad reduction.
Proposition 4.3. There exists
Case 1: If π ∈ A 1 ∩ A 1 , E/K and E f /K have the same Kodaira type at π. Thus there is no change to the local contribution from ε(E/K) to ε(E f /K) for such π.
Case 2: If π is a finite prime that divides f , then E f has type I * 0 reduction over π. Thus the contribution to the sign in this case is given by
implying the total contribution ǫ f to the sign coming from those π ∈ A f − A satisfies
Thus the change in the local contribution from ε(E/K) to ε(E f /K) from these primes depends only on d. 
Case 4: For π = ∞, the reduction of E/K and E f /K are the same if d is even by the discussion in section 2.3. If d is odd, then the reduction depends only the leading coefficient of f . Thus the local contribution to the sign is independent of f ∈ F d , so the change in the local contribution from
These cases exhaust all possible changes to the sign of the functional equation introduced by twisting, yielding equation 4.3.
Corollary 4.4 reduces the average of the sign of the functional equation to the average of the Jacobi symbol over F d . The following proposition is due to private correspondence with E. Kowalski:
Proposition 4.5 (Kowalski). With notation as above, we have
Proof. Unless stated otherwise, we write f, g, h ∈ F q [t] for arbitrary monic polynomials. Write ∆ = N N ′ and let χ ∆ (f ) be the characteristic function of those f that are square-free and coprime to ∆. Setting
we then have
Let µ(·) be the Möbius function for polynomials. If deg(g) > 0, then h|g µ(h) = 0, and otherwise h|g µ(h) = 1. Thus f → g 2 |f µ(g) and f → h|(∆,f ) µ(h) are the characteristic functions for square-free polynomials and polynomials coprime with ∆ respectively, and hence
Note, if (g, ∆) = 1, then the right sum over h vanishes, hence we can restrict to g such that (g, ∆) = 1. In particular, if we substitute into the above expression for A d and rearrange terms we have
If we write f = f 1 g 2 h in the innermost sum, then we have
Moreover, if we write B e for the sum B e = deg(f )=e f N and if we suppose e ≥ deg(N ), then
(because the last sum is a complete character sum). Therefore if we write e = d − 2δ − deg(h) and suppose e < deg(N ) we have
Observe that for any e, δ ≥ 0, we have |B e | ≤ q e and ( deg(g)=δ 1) ≤ q δ , thus for d ≥ 1
where the implied constant depends on ∆ and N . On the other hand,
proving the propsition.
This proposition then leads to the desired corollary:
Corollary 4.6. With notation as above, we have
Average Analytic Rank Data
We define
to be the average rank of the family of quadratic twists of E up to degree D. This value was calculated for the four elliptic curves discussed above with increasing D, and the data is presented in tables 3-6 below, where the dependence of the average rank on D is made explicit. As in the case of Table 2 , an empty entry denotes that those computations were not done. Table 6 : µ(X 431 , D) for q ∈ Q Considering each table separately, the individual columns present the data pertaining to Goldfeld's conjecture. In particular, for the largest data sets with q = 5, there is a slow convergence to the conjecture value of 1/2. On the other hand, each row of a table presents data relevant to Katz-Sarnak [KS] , where one lets q grow to infinity to determine that the conjugacy classes of the Frobenius automorphism are equidistributed in the special orthogonal group of N × N matrices with respect to Haar measure, where N is the degree of the L-function.
We can also consider how the average ranks varies between each of the four curves for a fixed q, as presented in figures 1 through 8 below. Recall that the four cures are not isogenous but have nearly the same reduction types. Even for the smallest data sets (q ∈ {17, 19, 23, 29}), there is good numerical evidence that the average ranks for each of the four curves are converging to the same value for any given q. Again, q = 5 provides the strongest evidence that this value is 1/2. Note also that in general the average rank of the Legendre curve X 222 dominates the rank of the other three curves. 
Rank Distributions
Combining Goldfeld's conjecture with the parity conjecture leads to a conjecture on the density of ranks in a family of quadratic twists (for details of the formulation, see section 7.6 in [RS] ):
Conjecture 4.7. With notation as in Conjecture 4.2,
As the data on average rank above suggests, the distribution of analytic ranks for our four families is close to that predicted by the density conjecture with a non-trivial number of twists with rank greater than or equal to two. 4 We present the relevant data in the table below, where we have removed the dependence of the distribution on the degree of the twisting polynomials and instead consider all the L-functions we were able to compute given some q. For the dependence of the rank distribution on the degree, see the tables in the appendix.
4 The largest rank discovered was a rank 5 curve, a twist of X222/F5(t) by f = t 7 + 2t 6 + t 5 + 4t 4 + 4t 3 + t 2 + 2t + 1. 
Conclusion
The remarkable property that the L-function of a non-isotrivial elliptic curve over a function field is a polynomial yields an effective algorithm to determine its coefficients by computing the number of points on a finite number of fibers. These fibers precisely correspond to the Euler factors that determine L(E/K, T ), and by realizing a given curve as a quadratic twist or pullback of another curve, the number of Euler factors that need to be computed can be minimized. In particular, the versal elliptic curve provides a (non-canonical) choice for an elliptic curve from which one can pullback and twist to recover any given elliptic curve, allowing for the efficient computation of the given curve's L-function provided sufficiently many Euler factors have been precomputed. These algorithms have been developed into ELLFF, a software library for the open-source mathematical software system Sage, allowing anyone to quickly compute such L-functions.
Experimentally, we computed the L-functions of four different families of quadratic twists in order to examine their analytic ranks for numerical evidence pertaining to Goldfeld's conjecture. Using an elementary argument, we know the asymptotic average rank over our family of quadratic twists is at least 1/2 as the degree of the twisting polynomial becomes arbitrarily large. Unlike the situation in number fields, the case of function fields provides strong evidence, especially for the largest data sets, that this average is indeed 1/2, thus supporting the validity of Goldfeld's conjecture in the function field case. Moreover, the experimental data also suggests that the analytic ranks are distributed closely with the density conjecture's prediction. Nonetheless the presence of a nontrivial amount of curves of rank at least 2 in even the largest data sets may suggest the convergence to this distribution is rather slow.
This work is part of a small but growing body of computational number theory directly focused on function fields. Historically, computational number theorists have primarily worked over number fields, in particular Q. This (understandable) bias has produced a dearth of algorithms and data for the function field setting, despite the fact that many of the ideas from number fields can be formulated more generally for any global field. There is much work left to be done -both theoretical and computational -for the case of function fields, but we believe the example of L-functions of elliptic curves indicates that the effort is worthwhile and yields interesting mathematics.
Appendix: Analytic Rank Distribution Tables
The following tables give the distribution of analytic ranks, making explicit their dependence on the degree d of twists considered in F d . 
